A new hybrid finite element method (HFEM) was developed, using basis functions of first and second order, to analyse the electromagnetic wave propagation in three types of waveguides: disk waveguides, ring waveguides and cylindrical waveguides. For validation purposes, results obtained with the HFEM method were compared with those obtained with a recursive finite element method (RFEM) and with two different analytical methods. The domain discretization effect on the results of the new HFEM method was examined using either a uniform distribution of nodes or a Delaunay distribution method. The results show that the Delaunay method, used in the mesh definition, is important, not only to assure the reliability of the method but also to significantly reduce the computation time and memory consumption. Also, the influence of the distance between the fictitious boundary and the waveguide core was analysed showing an important effect on the result numerical accuracy. In conclusion, results show that the new hybrid finite element method presented has a significant advantage on calculation time over the recursive finite element method.
Introduction
The finite element method (FEM) arose due to the need to solve complex problems [1] . In the beginning the method was applied for mechanical structural analysis, in Civil [2] and Aeronautical Engineering [3] . The FEM is, in our days, one of the most important numerical methods used in simulation in different areas [4] , namely in biomedical applications [5] , [6] , in the optimization [7] , design and simulation of electrical, electronic and optical devices [8] . The importance of the method is mainly due to its ability to handle problems with complicated geometries and irregular boundaries. The FEM needs adequate space-time discretization, in order to obtain accurate results. As a consequence, large dimension field problems have to be solved, demanding powerful computers and consuming great amounts of computational time.
The FEM formulation for the electromagnetic field has to be in general a vector one. However, an approximate scalar finite element formulation (SFEM) has also been applied to treat the electromagnetic field propagation in waveguides [9] , [10] , in some specific problems where the quasi-TE or TM approaches can be taken. This approximation allows a much faster and easier calculation of the waveguide modes, due to the reduction of the matrices dimensions and, as a consequence, the reduction of the computation time and memory demands.
Several formulations were presented in the past, in the analysis of linear dielectric waveguides [11] and, in particular, for some geometrical configurations such as ring and disk waveguides [12] - [14] . In modern integrated optical circuits, ring waveguides and in general the bent waveguides, are essential building blocks. This is the case in titanium waveguides with diffusion in LiNbO3 crystals [15] and in semiconductor waveguides. In both cases the simulation of the propagation characteristics in the waveguides is an essential step before the final design and manufacturing stages.
Analysis of photonic devices can be done using two approaches: the time-domain and the frequency-domain. The most important method of the first class-the time-domain method -is the finite-difference-time-domain (FDTD) method [16] , [17] in which the fundamental electromagnetic field equations are solved by a discretized backward difference scheme in both space and time. It has the advantage to not require any system of equations to be solved allowing high dimension problems to be treated. It is limited to devices of small size due to the extremely long computation time.
The most important method in the frequency domain group is the FEM [18] . In this class they are included also the coupled mode theory [19] , the beam propagation method [10] and the mode matching method [20] .
The coupled mode theory (CMT) is considered as mathematically simple and accurate for relatively weakly guided optical waveguides but it is not the case of the presented structure of the paper; beam propagation method (BPM) based on the scattering operators can handle arbitrary waveguide structures but still computational expensive for ring structures; on the other hand, mode matching method (MMM) has been known as an efficient and rigorous method for dealing with periodical structures which it is not the present case.
The FEM, in particular the hybrid method combining the FEM, is adequate to treat open boundary field problems in complex geometric structures with heterogeneous, anisotropic or non-linear media [14] . The hybrid methods, in particular those, like the one presented in the paper, where analytical treatments can be used for the outer regions, have the great advantage to deal with smaller FEM space domains allowing a better discretization for smaller dimensions.
In this article the finite element method is applied to the simulation of linear bent waveguides. Two SFEM formulations are considered. In both cases the infinite space domain is truncated, by using a fictitious boundary. One of the formulations, is an application of an already developed approach, [18] recently used in [20] , where boundary conditions on the fictitious surface are imposed using an iterative technique called recursive finite element method (RFEM). The other formulation is new, a hybrid finite element method (HFEM), combining the FEM formulation inside a region, containing the dielectric device, with a special boundary element method, based on an analytical description for the field outside that region.
Identically as other applications of the FEM, the HFEM formulation considers the electromagnetic propagation in bent waveguides as a 2D field problem. The FEM space domain was discretized into triangular elements and basis functions were adopted of 1 st and 2 nd order interpolation polynomials. The discretization was performed according to the Delaunay triangulation method [21] showing important advantages in the number of nodes compared with uniform node distribution strategies for the same accuracy. The results were validated by comparison with the analytical results of Marcatilli [22] and the analytical model of Torres [23] . Once the method was validated, the effect of the waveguide geometrical configuration in the curvature losses, considering 2 nd order basis functions, was also analyzed, through the inspection of the propagation constant.
The Finite Element Method in Dielectric Bent Waveguides
The electromagnetic field for bent waveguides is considered in cylindrical coordinates assuming the propagation direction along the azimuthal coordinate. The scalar formulation uses a phasor φ satisfying the following 2D equation in the frequency domain:
where ν is the complex azimuthal propagation constant, n is the refractive index operator, k 0 is the vacuum wavenumber and (r, z) are the radial and axial cylindrical coordinates respectively. For the TEz mode [24] , the scalar function φ corresponds to the electric field profile associated to the axial field component given by E z = φ exp(− jνϕ). For the TE r mode, the scalar function φ is the electric field profile associated to the radial field component given by
In equation (2) which has the form of a Bessel differential equation, the parameter ϒ, interpreted as a radial propagation constant, is given by:
The FEM is applied to solve (1) in a finite truncated domain, imposing an appropriate boundary condition approximated considering the solution of (2) taking into account (3) . In this work, two methods are applied to derive the approximate boundary condition: a recursive (RFEM) and a hybrid method (HFEM).
Recursive Method (RFEM)
The infinite space domain of the differential equation (1) is assumed to be truncated, as represented in figure 1 , where the closed line s = s a ∪ s b ∪ s c ∪ s d , in each radial section, represents a section of the rectangular toroid fictitious outer boundary.
To solve (1), in the referred domain, the space is discretized into triangular elements, as shown in figure 1 . On the boundaries s a , s b and s c , Neumann homogeneous boundary conditions are imposed, meaning that, boundary conditions are approximated neglecting the normal derivative of the field. In the boundary s d the field in the radial direction is described by a cylindrical travelling wave.
The solution of equation (2), with physical meaning, is the Hankel function of second kind:
The asymptotic approximation of (4) for large arguments, for the far field solution, is given by:
With the real part of ϒ positive and the imaginary part negative, the form (5) represents a cylindrical wave, travelling as the coordinate r increases, and decaying exponentially in amplitude. In such conditions, when r → ∞, the far field solution given by (5) verifies the radiation condition at infinity, corresponding, as a consequence, to a solution with physical meaning.
The variational formulation to solve (1), with the FEM method, inside the boundary region, and considering (4) as the solution outside the boundary region, is given by:
where S is the transversal waveguide domain with the outer boundary reduced to the line s d ,
is the derivative of the Hankel function with respect to (ϒr ) on s d . The variation of the functional is given by [25] :
where n 0 is the external normal direction on the boundary s = s a ∪ s b ∪ s c ∪ s d . The corresponding Euler equation (condition for δF =0) is equivalent to the fundamental equation (1) assuming the following boundary conditions:
where r coincides with the external normal direction of the boundary s d . The condition on s d is a consequence of the approximation (4) for the external field. The FEM formulation is obtained using the Rayleigh-Ritz method to derive the extremum condition of (6) .
Note that the FEM solution of (6) imposes the continuity of the scalar function φ. As a consequence, in the case of heterogeneous waveguides, the continuity of the normal component of the displacement vector cannot be satisfied all over the separating surface between two media, with different refractive indices. This fact means that the presented SFEM solution corresponds to an approximation. The complete electromagnetic field description must be given by a vectorial, instead a scalar, formulation of the problem.
Once the integration domain, S, is split into triangular elements (figure 1), in each element e, the approximated fieldφ is given by a linear combination of the basis functions N e defined in the element e:φ
The curved parenthesis represents column matrices, (φ) e represents the field values at the element discretization nodes and the upper index T denotes the transposed matrix.
Condition (3) imposes that the basis functions should be, at least, of second order, since it is necessary to assure the existence of the second order derivative of the field with respect to the z coordinate. In this way, considering second order basis functions, each triangular element is defined by 6 nodes: 11) where N e i is the basis function associated to node i of the element e. These functions can be defined from the linear interpolation functions (12) , L 1 , L 2 and L 3 , where nodes 1, 2 and 3 correspond to the vertices of the triangular element. The second order functions may be defined according to the expressions:
The fictitious boundary part s d is divided into line elements (straight lines) as represented in figure 1 , and the approximation of the electric field at the boundary is given, for the second order approximation, by a linear combination of the electric field in the three nodes of each element e:
The basis functions P e adopted for the boundary are identically expressed in terms of linear functions Q 1 e Q 2 , where 1 and 2 are the vertices of the boundary element:
Substituting (9) and (13) into (6), applying the Rayleigh-Ritz technique to obtain the extremum equation of the variational formulation, and rearranging all the elements, the following eigenvalue matrix equation may be derived:
with
The vector components (φ), include all the nodal values ofφ, (0) is the null vector, the coefficient ϒ e is achieved by the approximation of the value ϒ to the value of the central point of each linear element of the boundary s d . The summation e is extended to all the triangular elements of the domain S where N i is the global basis function associated to node i and the summation e concerns all the line elements of the boundary s d where P i is the global fictitious boundary basis function associated to node i.
Equation (15) is an eigenvalue equation, where the eigenvalues are the angular propagation constant ν and the eigenvectors are the modal solutions for the electric field. However, the matrix [K ] is dependent on the eigenvalues and the eigenvectors, through the coefficient ν affecting the order of the Hankel function and derivatives. This nonlinear equation is solved according to a recursive method.
Hybrid Method (HFEM)
The main objective of this work is to present a new HFEM method that can be an advantageous alternative to the RFEM method. As in the previous RFEM model, a fictitious boundary defined by the boundary s, figure 1 , is considered. This surface divide the domain in two regions: one inside s, r < R e , where the FEM formulation is used with the homogeneous Neumann boundary conditions on s a ∪ s b ∪ s c , and another outside s, r > R e , where an analytic solution is considered. In this outer homogeneous region, the solution of equation (1) may be obtained by the separation of variables φ(r,z) = R(r)Z(z), where the following condition may be used for the function Z(z)
The solution of equation (18), corresponding to a Fourier integral along the coordinate z, is given by:
where a is a phase constant or a spatial frequency that can sweep the continuous spectrum by using the Fourier Transform. As a consequence the parameter a is real. Then, from (18) and (3) results:
As already referred, equation (3) is a differential Bessel equation with the solution (4), which becomes the far field solution, taking into account the asymptotic development (5) . This asymptotic expansion is a outward wave solution traveling radialy for a positive real part of γ (the radial propagation constant). Noting that the imaginary part of n 2 is essentially negative
then for any real value of a there is allways a root of γ for which the real part is essentially positive and the imaginary part is essentially negative. When n is real and a > k 0 n, then the root for (20) is a pure imaginary chosen with negative imaginary part and, in this case, the electric field is represented by an exponential decay with r, becoming an evanescent mode. The general solution of (1) and its derivative are then:
The Discrete Fourier Transform (DFT) is now used, by discretizing (22) and (23) . Considering the fictitious boundary, discretized with N e equidistant points, the following DFT, in normalized form, is obtained:
where
with ϒ l given by equation (20) for a = a l As a consequence of the assumption z ∈ [−b/2, b/2], the fundamental space frequency is a f = 2π/b, and a l is given by:
In a matrix form, equation (24) can be written as:
where the sub-index s d means the field values at the discretization points of s d . Then, from (23):
where (G) is related to (F) of (25) by:
Therefore, the matrix [Q] is diagonal. The relation between the field and its normal derivative (being the normal direction coincident with the r coordinate), at the discretization points of the fictitious boundary, is then obtained from:
The symbol * denotes the conjugate transpose matrix, which in the case of the DFT coincides with the inverse unitary matrix. The order of the nodes in (30) is the one adopted for the fictitious boundary.
For the inner region, as in the RFEM model introduced in the previous paragraph, considering the FEM formulation, the matrices of each element can be defined as: In this case, the basis functions N e i and P e i can be of 1st order, overcoming the difficulties described in the RFEM. The symbol T, as an upper index, represents the transposed matrix. Then, taking in consideration the previously defined elemental matrices, the following eigenvalue matrix equation is obtained:
∂φ ∂r s d = 0 (34) The adopted notation is established using two distinct nodal ordered sets: the global set where the points are sorted from 1 to N and, in the fictitious boundary, the set where the points are sorted from 1 to N s . The matrices with the indices s d are associated with the set of the fictitious boundary. The transition from one set to the other, is made through an incidence matrix [S], with the value 1 at the line of the fictitious boundary node and at the column of the corresponding global node:
where the incidence matrix [S] has the dimension N S × N. Therefore, in a compact form, equation (34) can be written:
where The equation (37) has the same form of (17) . However, in this new HFEM model, the eigenvalues and eigenvectors are found without a recursive process, i.e., the value of ϒ for each harmonic of the DFT transformation is given by (20) , taking in consideration the value of a specified by (26).
The main advantages of the newly proposed HFEM method over the RFEM method are: the use of of 1 st order basis functions instead of 2 nd order basis functions; the significantly decrease in time and memory consumptions.
Results and HFEM Validation
The main objective of this section is the validation of the new HFEM method. This section is divided into three subsections: in the first one, the electromagnetic wave propagation in a disk waveguide was considered, and the results were compared with RFEM method results [18] ; in the second and third ones the electromagnetic wave propagation in an infinite height ring waveguide and in a finite height ring waveguide was considered, and the results were compared with the results of an analytical model presented by Marcatili [22] and, in the third case, also with an analytical model presented by Torres [23] .The HFEM and the RFEM were implemented using a set of routines encoded in the "Mathematica" language.
Electromagnetic Wave Propagation in a Disk
In this subsection results, for the curvature losses, are obtained for the same structure analyzed by Yamamoto ( figure 2) .
Curvature losses constitute the main result of the developed simulation procedure. These losses are characterized by an attenuation along the radial direction related to the imaginary part of ϒ (5) which is negative and by the propagation or radiation losses related to the real part of ϒ which is positive, both corresponding to a radial electromagnetic field wave propagation with attenuation according to (5) .
A disk with a thickness of 1 μm and a refractive index of 1.53 is placed on a substrate of silicon dioxide with a refractive index of 1.46. The working wavelength is λ 0 = 0.79 μm. The boundary s d is placed at a distance of 3λ 0 from the disk and the effect of the boundaries s a , s b and s c is neglected, as already referred in Section 2.1. The curvature losses are determined as a function of the curvature radius (R) for the first three propagation modes. The results accuracy is analyzed as a function of the number of discretization nodes.
The first set of results, figure 3 , were obtained by discretizing the cross-section into 80 nodes and 220 nodes, spread uniformly, using basis functions of 2 nd order.
Analyzing the results in figure 3 , it follows that the same behavior with the curvature radius is observed with the RFEM method [11] and the HFEM method, i.e., for a certain curvature radius, the higher order propagation modes show lower curvature losses, and for each mode losses decrease as the curvature radius increases. Fig. 3 . Curvature losses as a function of the curvature radius, R, for the three first propagation modes. The black color is used for the first propagation mode; the dark grey for the second mode and the white-grey for the third mode. The dot marks refer to the results of the RFEM.
From the results is also clear that, increasing the number of discretizing nodes, the deviations between the results of RFEM and HFEM decrease. Differences between the two methods, the HFEM and the RFEM, for the same discretization, are a consequence of the different ways of imposing boundary conditions on the fictitious surface side.
It is important to note additionally that the location of this surface may affect remarkably the accuracy of the numerical results. This aspect will be treated in the next subsection.
Electromagnetic Wave Propagation in a Cylindrical Waveguide
In this subsection results, are obtained for the same structure analyzed by Marcatili, a ring waveguide with a rectangular cross section (figure 1). Curvature losses are calculated, with the HFEM method, as a function of the waveguide radius and width, for a fixed wavelength, λ 0 = 1.3 μm , and compared with the results obtained from the analytical theory of Marcatili.
Consider a waveguide with 2 μm of height, with a refractive index of 1.7 and 1.6 for the waveguide core and cladding respectively, for three normalized curvature radius: R n = 100, R n = 60, R n = 50. The curvature radius, and the waveguide width, are normalized according to [22] , as a function of the wavelength.
By setting the normalized waveguide width at 1.3 and testing several densities of nodes to discretize the integration domain, it is concluded that 76 nodes, disposed according to the Delaunay distribution, are enough to ensure a deviation between the HFEM and the Marcatili results less than 1%. When the integration domain is discretized with a uniform density of nodes, it would be necessary 1000 nodes to attain the same deviation.
When 2 nd order basis functions are used to solve the problem, 220 nodes are necessary, for the uniform distribution case, to ensure 1% of deviation between the HFEM and the Marcatili results [22] . However, if the distribution of nodes in the integration domain follows the Delaunay method, a discretization of 76 nodes (which is the ideal number of nodes considered in the case of using 1 st order basis functions) is enough to ensure a deviation between the numerical and analytical results around 0.05%.
Thus, apart the basis function order used in the HFEM implementation, it is possible to conclude that the Delaunay node distribution method is more advantageous than the uniform distribution of nodes, and that this is extremely important to ensure, not only the reliability of the method, but also a strong reduction of the calculation time.
In figure 4 the represented results were obtained using 1 st order basis functions and neglecting the effect of the boundary conditions on the fictitious surfaces s a , s b and s c as before. The location of the fictitious boundary s d is important concerning the numerical accuracy. In order to analyze this aspect, two separation distances are considered between the waveguide core and the fictitious boundary: 3λ 0 (results represented with a yellow line in figure 4 ) and 6λ 0 (curves in black lines). In both cases, the results are quite similar to the Marcatili results (dashed red lines). However, it is possible to observe a slight discrepancy between the Marcatili analytical model and the HFEM in the case where the fictitious boundary is placed at a distance of 6λ 0 from the waveguide core (black lines) when the waveguide width increases.
Electromagnetic Wave Propagation in a Tube Waveguide
In this subsection, the HFEM method validation is our main goal. To this end, using the HFEM and the RFEM methods, we simulate the wave propagation in a cylindrical waveguide, similar to Marcatili structure, figure 1, but with a finite height. Then, we compare the simulation results with those obtained from the analytical models of Marcatili [22] and Torres [23] . The model developed by Torres is a generalization of the Marcatili model.
The differences between the models of Marcatili and Torres models lay in different approximations. For example, Marcatili´s model uses the Watson asymptotic approximations of the Bessel functions of 1 st and 2 nd kind, not always valid and applicable for large arguments, to simplify the characteristic equation.
The dependence of the waveguide curvature losses on the normalized waveguide width, for a fixed wavelength, λ 0 , assuming a waveguide height equal to ten times the waveguide width, is obtained from the simulation results for a normalized curvature radii R n = 73.93. The numerical results are then compared with the analytical ones in figure 5 , considering λ 0 = 1.3 μm.
Note that for the smallest value of the curvature radius, results of the Torres analytical model the RFEM method and the HFEM of 2 nd order may be considered coincident. The difference between the HFEM and RFEM results is smaller than 0,05% for the normalized width R n = 73.93 and so both curves are represented by the yellow curve. HFEM results are also confirmed in this case.
Comparing the results obtained with the Marcatili model and the Torres model for R n = 73.93 the difference is clear. Two additional curves were also obtained for these two models when R n = 147.49.
For the two radii, the curvature losses show two well-defined minima. For the smallest radius, these two minima are practically imperceptible with the Marcatili´s model. However, as the curvature radius increases, the Marcatili model allows to identify these two minima.
Marcatili model is valid when the values of the curvature radius are high so that the field configuration in a straight guide and in a curved waveguide are very close. Then when the curvature Analyzed in Figure 5 With the Data of 1/normalized Width = 0.95 and R n = 73.93 radius tends to infinite, results from both models converge to the same values, but if curvature radius decreases, R n = 73.93, the results from the Marcatili results become less accurate and the model cannot detect certain physical phenomena and describe correctly the behavior of the curvature losses. The non-monotonic behavior of the curvature losses with the normalized width of the waveguide, corresponding to a wavelength variation, can be explained by the existence of an interference effect due to the wave reflection at the discontinuity limits between regions of different indices of refraction.
The detailed analysis of the curve suggests two additional considerations. Firstly, it is important to note that the local minima have approximately the same location independently of the normalized radius of curvature value. Secondly, when decreasing the normalized width, the curvature losses has a non-monotonic decrease, and in the interval 0.80 < a n < 1.15 a quick decrease of more than ten orders in magnitude. This confirms the result of Marcatili, that the bending losses decrease with increasing the width of the ring waveguide, up to a given maximum width value, since the normalized width depends on the inverse of the width of the ring.
In order to validate the HFEM, results were also compared with those obtained with a commercial software that uses the Finite Difference Time Domain (FDTD) method. In Table 1 , results are summarized for a single case using four methods: one analytical method and three numerical methods -three methods previously referred in the paper plus another one, the FDTD.
For the numerical cases, the relative deviation was determined to compare the accuracy of each method, using the HFEM model as a reference. The computation time of each numerical method was also obtained. All the calculations were performed in a CPU Intel Core i7-8750H @ 2.20 GHz. Table 1 allows the validation of the proposed HFEM to be confirmed showing as well that the HFEM constitutes the numerical method with less time consumption. The method with the nearest accuracy to the HFEM is the analytical Torre´s Model. The RFEM as well as the FDTD method present higher computation times.
Conclusions
In the present paper, a new Hybrid Finite Element Method (HFEM) is presented. The HFEM algorithm was optimized, for each adopted grid used in the discretization domain. The algorithm may be used with basis function of either 1 st or 2 nd orders. Some modifications were also performed in the Recursive Finite Element Method (RFEM) presented by Toshio Yamamoto [18] , to turn possible the use of 1 st order basis functions. These two models, due to their flexibility, allow analysis of waveguides with complex geometries which, in general, cannot be studied with analytical models.
The validation of the method was done through a comparative analysis of the HFEM results with other analytical and numerical methods, for typical configurations described in the literature, namely with the RFEM method results and the analytical results of Marcatili [22] , and Torres [23] .
Simultaneously with the validation we find the optimal number of nodes needed to discretize the domain by using two strategies: a uniform distribution of nodes and the distribution of nodes in the integration domain according to the Delaunay method. The results show that the Delaunay method, used in the mesh definition, is important, not only to assure the reliability of the method but also to significantly cut the computation time and memory consumption.
As expected, it is noticed that meshes adopting 2 nd order elements require a lower number of nodes to discretize the integration domain and therefore less computation time to obtain consistent results comparing with other numerical methods. It has also been concluded, that a distance of three wavelengths between the fictitious boundary and the waveguide core may be considered the ideal distance to get accurate results.
The HFEM method is much faster than the RFEM method since the RFEM method needs several iterations to converge instead of a single iteration for the HFEM to find the exact result. Using a CPU Intel Core i7-8750H @ 2.20 GHz it is necessary, in the presented examples, at least 20 seconds to run each iteration. The RFEM needs at least 4 iterations to converge with a total computation time of 80 seconds while the HFEM only needs 20 seconds to achieve the result.
The main difference results from the different ways of imposing the boundary conditions on the fictitious surface side.
In future works, the purpose is to expand this 2D HFEM model to a 3D model.
